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Abstract
Let G be a finite p-group satisfying [G,G]  G4 for p = 2 and γp−1(G)  Gp for p > 2.
The main goal of this paper is to show that any normal subgroup N of G lying in G2 is power
abelian, that is, the following holds: (1) Npk = {gpk | g ∈ N}; (2) Ωk(N) = {g ∈ N | o(g)  pk},
and (3) |Npk | = |N : Ωk(N)|.
 2004 Elsevier Inc. All rights reserved.
1. Introduction
Let G be a finite p-group. Consider the following subgroups of G:
Gp
i = 〈gpi | g ∈ G〉, Ωi(G) =
〈
g ∈ G | gpi = 1〉.
If G is abelian, we have the following simple description of these groups:
(1) Gpi = {gpi | g ∈ G},
(2) Ωi(G) = {g ∈ G | o(g) pi}.
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(3) |Gpi | = |G : Ωi(G)| for all i .
In the following we call a finite p-group G power abelian if it satisfies these three
properties for all i . It is very interesting problem to determine which groups are power
abelian. In [4] P. Hall introduced the notion of regular groups and showed that they are
power abelian. The notion of powerful p-groups was introduced by A. Mann and after
the work of A. Lubotzky and A. Mann [7] had appeared, the importance of this family in
the study of finite p-groups became clear. It was observed that the structure of powerful
p-groups is also quite similar to that of abelian groups. For example, it was proved in [7]
that if G is a powerful p-group, then Gpi is also powerful and Gpi is precisely the set of
pi th powers of G. Recently, L. Wilson [8] proved that when p is odd, Ωi(G) (the subgroup
generated by the elements of order less than or equal to pi ) is precisely the set of elements
of order less than or equal to pi ; even more, he proved that the nilpotency class of Ωi(G) is
bounded by i+1 (a short proof of these facts is also given by G. Fernández-Alcober in [3]).
This, together with a result of L. Hethelyi and L. Levai [5], gives us that powerful p-groups
are power abelian. Another interesting family of groups was introduced by D. Arganbright
in [1]. He proved that if G is a p-group, p is odd and G satisfies that γp−1(G)Gp , then
it follows that G is p-powered (Gp is precisely the set of p-powers of G). The aim of this
paper is to extend these results to other families of finite p-groups.
We say that a finite p-group is potent if [G,G]G4 for p = 2 or γp−1(G)Gp for
p > 2. Note that for p = 2 and p = 3 to be potent is the same as powerful. In general, any
powerful p-group is also potent. The main results of this paper are collected in the next
theorem:
Theorem 1.1. Let G be a finite potent p-group.
(1) If p = 2 then
(a) the exponent of Ωi(G) is at most 2i+1 and, even more, [Ωi(G),G]2i =
Ωi(G
2)2
i = 1;
(b) the nilpotency class of Ωi(G) is at most (i + 3)/2;
(c) if N G and N G2 then N is power abelian;
(d) if N G and N G4 then N is powerful.
(2) If p > 2 then
(a) the exponent of Ωi(G) is at most pi ;
(b) the nilpotency class of Ωi(G) is at most (p − 2)i + 1;
(c) if N G then N is power abelian;
(d) if N G and N Gp then N is powerful.
We want to note that a part of the previous theorem is also proved in the PhD thesis of
L. Wilson [9] and in [8] using different methods.
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Before starting with the main part of this paper we will introduce some definitions and
recall some properties about p-groups. We will use the notation p = p if p is odd and
p = 4 if p = 2 (note that Gp/p = G2). We will write [N, kM] for [N,M, . . . ,M], where
M appears k times. The symbols r and r will denote the smallest integer greater than
or equal to r and the greatest integer less than or equal to r respectively.
In the next theorem we collect the basic properties of potent p-groups (see [1,7]).
Theorem 2.1. Let G be a potent p-group. Then the following properties hold:
(1) If p = 2, then γk+1(G) γk(G)4, and if p > 2 then γp−1+k(G) (γk+1(G))p .
(2) γi(G) is potent.
(3) 〈x, [G,G]〉 is potent, for all x ∈ G.
(4) G is p-powered.
(5) If N is a normal subgroup of G then G/N is potent.
The next two results are basic facts about finite p-groups.
Theorem 2.2. Let G be a finite p-group and N , M normal subgroups of G. If N 
M[N,G]Np then N M .
Theorem 2.3 (Three Subgroups Lemma). Let G be a p-group, H , J and K subgroups of G
and N a normal subgroup of G such that [H,J,K], [K,H,J ]N . Then [J,K,H ]N ;
in particular, if N , L are normal subgroups of G, then [N,N,L] [L,N,N].
Corollary 2.4. Let G be a p-group and N a normal subgroup of G. Then [γk(G),N] 
[N, kG].
The following theorem given by P. Hall will be used several times in the paper. It is
known as P. Hall’s collection formula.
Theorem 2.5 (P. Hall’s formula). Let G be a group and x, y elements of G. Then
(xy)p
n ≡ xpnypn (mod γ2(L)pnγp(L)pn−1γp2(L)p
n−2
γp3(L)
pn−3 · · ·γpn(L)
)
where L = 〈x, y〉, and
[x, y]pn ≡ [xpn, y] (mod γ2(M)pnγp(M)pn−1γp2(M)p
n−2 · · ·γpn(M)
)
where M = 〈x, [x, y]〉.
We will need the following corollary which can be proved by induction on k.
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(x1 · · ·xk)pn ≡ xp
n
1 · · ·xp
n
k
(
mod γ2(L)p
n
γp(L)
pn−1γp2(L)
pn−2γp3(L)
pn−3 · · ·γpn(L)
)
where L = 〈x1, . . . , xk〉. In particular, we have
Ω
pn
i Ωi−kγ2(Ωi)
pnγp(Ωi)
pn−1γp2(Ωi)
pn−2γp3(Ωi)
pn−3 · · ·γpn(Ωi),
where Ωl = Ωl(G) for l  1 and Ωl = {1} for l  0.
3. Potently embedded subgroups
Let G be a p-group and N a normal subgroup. We say that N is potently embedded in
G if [N,G]N4 for p = 2 and [N,p−2G]Np for p odd. In this section we will study
potently embedded subgroups of potent p-groups. Since when p = 2 a potent 2-group is
powerful and all results that we will prove in this section are known for powerful p-groups,
we will only consider potent p-groups for odd p. The following theorem is a generalization
of Shalev’s Interchanging Lemma (see [6]).
Theorem 3.1. Let N and M be potently embedded subgroups of G. Then [Np,M] =
[N,M]p.
Proof. By P. Hall’s formula we have that
[
Np,M
]
 [N,M]p[M,pN] [N,M]p
[[
Mp,N
]
,N
]
.
Now we apply again P. Hall’s formula to [Mp,N] and we get that
[
Np,M
]
 [N,M]p[Np,M,M,N].
Therefore, by Theorem 2.2, [Np,M] [N,M]p.
In order to prove the converse, we can assume that [Np,M] = [[N,M]p,G] = 1.
Note that since M is potently embedded in G, [M,pN]  [Mp,N,N]. By the previous
argument, [Mp,N] [M,N]p , so
[M,pN]
[[M,N]p,N]= 1.
Now, let us prove by the reverse induction on k that [N,M,γk(N)]p = 1 for all k  1.
This is clear when k is big enough. So, suppose that [N,M,γk+1(N)]p = 1. Then, we have
[
N,M,γk(N)
]p  [[N,M]p, γk(N)
][[N,M], γk+1(N)
]p[
M,N,γk(N), p−2N
] = 1.
Therefore, we have that
[N,M]p  [Np,M][N,M,N]p[M,pN] = 1. 
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Then we have that
(1) NM is potently embedded;
(2) [N,G] is potently embedded;
(3) Np is potently embedded.
Proof. (1) This is obvious because [NM,p−2G] [N,p−2G][M,p−2 G].
(2) We have that [[N,G], p−2G] [Np,G] and, by the previous theorem,
[[N,G], p−2G
]
 [N,G]p.
(3) By the previous theorem, [Np,p−2G]  [N,p−2G]p  (Np)p , therefore Np is
potently embedded. 
Now, we recursively define dimension subgroups of G. We say that D1 = D1(G) = G
and for i  2 we put Di = Di(G) = Dpi/p[Di−1,G].
From Theorem 3.2 it follows that if G is a potent p-group, then Di is potently embedded
in G for all i . The theory of dimension subgroups is developed in [2]. If G is a potent
p-group then they have the following structure:
Theorem 3.3. Suppose n ∈ N and i = logp n and let 1 k  p be such that (k − 1)pi <
n kpi . Then, if G is a potent p-group, we have
Dn =


D
pi
k if 1 k  p − 2;
D
pi+1
1 if p − 1 k  p.
Proof. We will prove the theorem by induction on n. When n  p − 2 there is nothing
to prove. Since G is potent Dp−1 = Gp = Dp . This is the base of induction for n  p.
Suppose the theorem is true for n < m. We want to prove it for n = m. Let i = logp m
and 1 k  p be such that (k − 1)pi < m kpi . By definition on dimension subgroups,
Dm = Dpm/p[Dm−1,G]. Note that (k − 1)pi−1 < m/p  kpi−1. Hence, by induction
hypothesis and Theorem 3.1,
Dm/p = Dp
i−1
k and [Dm−1,G]
[
D
pi
k−1,G
]
Dp
i
k ,
because the dimension subgroups of a potent group are potently embedded. We conclude
that Dm = Dp
i
k . If 1  k  p − 2 we are done. If k = p − 1 or p, then Dn = Dp
i
k =
(D
p
1 )
pi = Dpi+11 . 
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The next result is fundamental in this paper. Using this theorem we will be able to
reduce problems about normal subgroups to particular cases.
Theorem 4.1. Let G be a potent p-group and N a normal subgroup of G. Then one of the
following holds:
(1) For any i, s, t  0 such that n = i + s + t  1 if p is odd and n  2 if p = 2,
[G,G]pn  [Npi ,Gps ]pt .
(2) There exists a proper potent subgroup T of G such that N is contained in T .
Proof. If [G,G]p  [N,Gp] then, using P. Hall’s formula, Theorems 2.1(1) and 3.1, we
obtain that
[G,G]p  [N,Gp] [N,G]p[N, 2G]p[N, pG] [N,G]p
[[G,G]p,G].
Now, if p > 2, by Theorem 2.2, [G,G]p  [N,G]p . If p = 2, then [[G,G]2,G] [G,G]8
and so, using again Theorem 2.2, we get [G,G]4  [N,G]4. Therefore, we have proved
the base of induction for [G,G]pn  [N,G]pn when pn  p.
Now, suppose that [G,G]pn  [N,G]pn . We want to prove [G,G]pn+1  [N,G]pn+1 .
We have
[G,G]pn+1  ([N,G]pn)p  [N,G]pn+1γ2
([N,G]pn) [N,G]pn+1[[G,G]p2n,G],
which implies [G,G]pn+1  [N,G]pn+1 .
Let i, s, t be non-negative integers such that i + s + t = n  1 if p is odd and n  2
if p = 2. We want to show that [G,G]pn  [Npi ,Gps ]pt . Bearing again in mind P. Hall’s
formula, Theorems 2.1(1) and 3.1, we obtain that
[G,G]pi  [N,G]pi  [Npi ,G][G, 2N]pi+1/p[G,pN]pi−1 [G,p2N]p
i−2  · · ·

[
Np
i
,G
][[G,G]pi+1/p,G],
which implies as before that [G,G]pi  [Npi ,G]. Analogously, we have that [G,G]pi+s 
[Npi ,G]ps  [Npi ,Gps ]. Finally, we conclude that [G,G]pn  [Npi ,Gps ]pt .
If [G,G]p  [N,Gp] then there exists k  1 such that [G,Dpk ]  [N,Gp] and
[G,Dpk+1] [N,Gp]. We take
T = {g ∈ G ∣∣ [g,Dpk
]

[
N,Gp
]}
.
From the choice of k, it is clear that T is a proper subgroup of G. Since N is normal in G,
T is a normal subgroup of G and N is a normal subgroup of T . Let us see that T is also
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by Theorem 2.1(4), x = ap for some a ∈ G. Now, by P. Hall’s formula and Theorem 3.1,
[
a,D
p
k
]
 [a,Dk]p[G,Dk,Dk]p[G, pDk]
 [a,Dk]p
[[G,Dk]p,Dk
][Dk+1, p−2Dk,Dk]
 [a,Dk]p
[
D
p
k+1,Dk
]
 [a,Dk]p
[
N,Gp
]
and
[a,Dk]p 
[
ap,Dk
][Dk,G,G]p[Dk, pG]

[
ap,Dk
][[G,Dk]p,G
][Dk+1, p−2G,G]

[
ap,Dk
][
N,Gp
]
.
Now, suppose p = 2. Then by Theorem 2.3,
[
a4,Dk
]
 [T ,T ,Dk] [Dk,T ,T ]
[
D4k , T
]

[
N,G4
]
.
Therefore we deduce that [a,D4k ] [N,G4] and a ∈ T . Thus x = a4 ∈ T 4. So [T ,T ] T 4
and T is potent.
If p > 2, then, by Corollary 2.4 we have
[
ap,Dk
]

[
γp−1(T ),Dk
]
 [Dk, p−1T ]
[
D
p
k ,T
]

[
N,Gp
]
.
As before we obtain that a ∈ T and T is potent. 
We will now prove our first results about normal subgroups of potent p-groups.
Unfortunately, we cannot always prove the same properties for p = 2 as for odd p. In
any case we will see that there exists a similarity between p = 2 and the odd case. As we
will see in the last part of the paper, in the case p = 2 there are counterexamples for some
results which hold if p is odd.
First, we prove an auxiliary lemma.
Lemma 4.2. Let G be a potent p-group, N a normal subgroup of G and i  1. Then
(Np
i
)p = Npi+1 for every i  1.
Proof. The inclusion (Npi )p Npi+1 is obvious. In order to prove the converse inclusion
we work by induction on |G|. By the previous theorem, we can suppose that [G,G]pi+1 
[N,G]pi+1 . Then we have
(
Np
i )p Npi+1[Npi ,Npi ]Npi+1 [G,G]p2i Npi+1 . 
Theorem 4.3. Let G be a potent p-group and N a normal subgroup of G. Then:
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[N,G]p ∩ [Np,G].
(2) If p is odd, [Np,Np] [N,N]p2 and if p = 2, [N2,N2] [N,N]4[N,N,N]2 N8.
In particular, Np is a powerful p-group.
(3) The nilpotency class of N is at most e(N)(p − 2)+ 1 if p is odd and (e(N) + 3)/2
if p = 2 where e(N) = logp(exp(N)).
Proof. In order to prove the theorem we argue by induction on the order of G. Thus, by
Theorem 4.1, we may suppose that
[G,G]pn  [Npi ,Gps ]pt
for n = i + s + t  1 if p is odd and n 2 if p = 2.
First we consider the case p = 2.
(1) Since G is potent, γ3(G)  [G,G]4 and γ4(N)  [G,G]16. Now, the statement
follows directly from the assumption made in the previous paragraph.
(2) We can suppose that [N,N]4[N,N,N]2 = 1. From this and P. Hall’s formula we
have that
γ4(N)
[[N,G]4,N] [N,N]4[N,N,N]2γ5(N) = γ5(N),
and consequently γ4(N) = 1. Now we have that
[
N2,N2
]

[
N,N2
]2[
N2,N,N
] = [N,N2]2[N,N,N]2 = [N,N2]2
and
[
N,N2
]2  ([N,N]2[N,N,N])2 = [N,N]4[N,N,N]2 = 1.
Therefore, [N2,N2]  [N,N]4[N,N,N]2. Now, since [N,N]  N2, using Lemma 4.2
we obtain that [N,N]4  N8. On the other hand, by the first part of this theorem,
γ3(N) [N,G]4. Thus, [N2,N2]N8[N,G]8  (N2)4 and so N2 is powerful.
(3) Note that γn+1(N) [G,N]4n−1 . Therefore, the class of N is bounded by
⌊(
e(N) + 3)/2⌋.
From now on we assume that p is odd.
(1) Since G is potent, γp(G) [G,G]p. Now, the statement follows directly from the
assumption made in the beginning of the proof.
(2) We claim that [Np,Np] [N,N]p2 . Without loss of generality we can suppose that
[Np,Np,G] = 1. First note that, by P. Hall’s formula,
[
Np
2
,N
]

[
Np,N
]p[
N,pN
p
]= [Np,N]p,
and so
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Np,Np
]

[
Np,N
]p[
Np,pN
]

[
Np,N
]p[
Gp
2
,N,N
]

[
Np,N
]p[[G,N]p2,N] [Np,N]p.
Now,
[
Np,N
]
 [N,N]p[N,pN] [N,N]p
[[G,G]p,N] [N,N]p[[N,G]p,N].
But
[[N,G]p,N] [N,G,N]p[N,p[N,G]
]
 [N,N]p[[N,G]p,N,N],
so we have that [[N,G]p,N] [N,N]p . Therefore, by Lemma 4.2,
[
Np,Np
]

([N,N]p)p = [N,N]p2 .
In particular, Np is powerful.
(3) We have that γe(N)(p−2)+2(N)  [G,G]pe(N) and by the assumption made at the
beginning of the proof, this is equal to [G,N]pe(N) . In particular, if p is odd the class of N
is bounded by e(N)(p − 2) + 1. 
Remark. If p > 2 and G is a finite p-group satisfying γk(G)Gp for some 2 k  p−1,
then, using a similar argument, we can prove that the nilpotency class of a normal subgroup
N is at most e(N)(k − 1) + 1.
Theorem 4.4. Let G be a potent p-group. Then:
(1) If p is odd the exponent of Ωi(G) is at most pi . In particular, the nilpotency class of
Ωi(G) is bounded by i(p − 2) + 2.
(2) If p = 2 the exponent of Ωi(G) is bounded by 2i+1 and γ2(Ωi(G))2i = 1. In particular,
the nilpotency class of Ωi(G) is less than or equal to (i + 4)/2.
Proof. For ease of notation, let us write Ωi instead of Ωi(G). We argue by induction on
the order of G. By Theorem 4.1 we have two possibilities. First, there exists T a proper
potent subgroup of G such that Ωi(G) T . In this case just note that Ωi(G) = Ωi(T ) and
by induction hypothesis the theorem holds.
Second, [G,G]pn  [Ωpli ,Gp
s ]pt for any l, s, t  0 such that l + s + t = n 1 if p is
odd and n 2 if p = 2. We start with the case p > 2. In this case it is enough to prove the
theorem for i = 1. By Corollary 2.6,
Ω
p
1  [Ω1,Ω1]pγp(Ω1) [G,G]p 
[
Ω
p
1 ,G
]
.
Hence Ωp1 = 1.
Now, we suppose that p = 2. There exists j such that [Ωi,G]2j+1 = 1. We will see that
if j  i , then [Ωi,G]2j = 1. Of course, this implies that [Ωi,G]2i = 1.
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is bounded by 2j .
[x,g]2j ≡ [x2j , g] (mod γ3(G)2j−1γ5(G)2j−2 · · ·
)
.
But γ3(G)  [Ωi,G]4 and in general γ2k+1(G)  [Ωi,G]42
k−1 for k > 1. From this we
deduce that [x,g]2j = 1.
The set {[x,g] | x2i = 1, g ∈ G} is a generating set of [Ωi,G]. We will prove by
induction on the length of h ∈ [Ωi,G] respect to this generating set that h2j = 1. Suppose
that x2j = y2j = 1 for some x, y ∈ [Ωi,G]. By P. Hall’s formula, we have that
(xy)2
j ≡ x2j y2j (mod γ2
([Ωi,G]
)2j−1
γ4
([Ωi,G]
)2j−2 · · ·).
Therefore, (xy)2j ∈ [Ωi,G]2j+1 = 1 and we conclude that [Ωi,G]2j = 1.
It is clear now that, when p = 2, [Ωi,Ωi]2i = 1. We want to see that Ωi(G)2i+1 = 1.
By Corollary 2.6,
Ω2
i+1
i  γ2(Ωi)2
i
γ4(Ωi)
2i−1 · · · .
But, since we have that γ2k (Ωi)  [Ωi,G]42
k−2
, it follows that the exponent of Ωi is
less than or equal to 2i+1. 
Corollary 4.5. Let G be a potent p-group. Then Ω1(Gp) is abelian and Ωi(Gp) has
exponent less than or equal to pi .
Proof. It is clear that it is enough to prove that Ω1(Gp) is abelian, because that implies
that the exponent of Ω1(Gp) is p and, by induction on i , that Ωi(Gp)p
i = 1.
Note that Ω1(Gp)Ω2(G)p , and by Theorems 4.3 and 4.4,
[
Ω2(G)
p,Ω2(G)
p
]
Ω2(G)pp = {1}.
Hence, Ω1(Gp) is abelian. 
Corollary 4.6. Let G be a potent p-group and N,L G2 normal subgroups of G. Then
(NL)p = NpLp .
Proof. It is obvious that NpLp  (NL)p . Now, we will prove that NpLp  (NL)p . Note
that G/NpLp is a potent p-group and NL/NpLp Ω1(G2/NpLp). But the exponent of
Ω1(G2/NpLp) is p, whence (NL)p NpLp and therefore (NL)p = NpLp . 
Corollary 4.7. Let G be a potent p-group and N a normal subgroup of G such that
N Gp. Then N is powerful.
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T = 〈x ∈ G2 | xp ∈ N 〉.
It is clear that T is a normal subgroup of G. Then, as the exponent of T/N = Ω1(G2/N)
is p, we have that T p N . From Theorem 4.3 we know that T p is powerful. Therefore, in
order to prove that N is powerful, it is enough to see that N  T p. For any n ∈ N there is
x ∈ G2 such that xp = n, and by the definition of T , x ∈ T and we have that N  T p . 
5. Normal subgroups of powerful p-groups
It is clear that every powerful p-group is also potent and all results of the previous
section are valid for these groups. But for powerful p-groups we can obtain some additional
results. The proofs are based on an analog of Theorem 4.1 for powerful groups, which can
be proven in the same way.
Theorem 5.1. Let G be a powerful p-group and N a normal subgroup of G. Then one of
the following two properties holds:
(1) For any i, s, t  0 such that n = i + s + t  1 if p is odd and n  2 if p = 2,
[G,G]pn  [Npi ,Gps ]pt .
(2) There is a proper powerful subgroup T of G such that N  T .
Corollary 5.2. Let G be a powerful p-group. Then:
(1) If p is odd, [Ωi(G),G] is powerfully embedded in Ωi(G) and [Ωi(G),G]p 
[Ωi−1(G),G].
(2) If p = 2, [G,Ωi(G),Ωi(G)]  [Ωi−1(G),G] and [Ωi(G),G]2  [Ωi−1(G),G]. In
particular the exponent of [Ωi(G),G] is bounded by 2i .
Proof. If p is odd we have that [Ωi,G] Ωi ∩ Gp = Ωpi+1. We apply Theorem 5.1 to
N = Ωi+1 and we obtain that there exists a powerful subgroup Ωi+1  T of G such that
for any i, s, t  0 with n = i + s + t  1, [T ,T ]pn  [Ωpsi+1, T p
i ]pt . Hence we have that
[
Ω
p
i+1,Ωi
]
 [Ωi+1,Ωi]p[Ωi,Ωi+1,Ωi+1]pγ4(Ωi+1).
But γ4(Ωi+1) [T ,T ]p2 = [Ωpi+1, T ]p and we obtain that
[
Ω
p
i+1,Ωi
]
 [Ωi,T ]p.
We conclude that
[G,Ωi,Ωi]
[
Ω
p
,Ωi
]
 [Ωi,T ]p  [Ωi,G]p,i+1
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[G,Ωi]p 
[
G,Ω
p
i
][G,Ωi,Ωi]p[G,pΩi] [G,Ωi−1]
[
Ω
p2
i , T
]
 [G,Ωi−1].
Now, let p = 2. As exp(Ωi)  2i+1, we have that [G,Ωi]  Ωi ∩ G4  Ω4i+3.
Then if we apply Theorem 5.1 to N = Ωi+3, we obtain that there exists a powerful
subgroup Ωi+3  T of G such that for any i, s, t  0 with n = i + s + t  2, [T ,T ]2n 
[Ω2si+3, T 2
i ]2t . We have
[
Ω4i+3,Ωi
]
 [Ωi+3,Ωi]4[Ωi,Ωi+3,Ωi+3]2γ5(Ωi+3).
But γ5(Ωi+3) [Ω26i+3, T ] [Ωi−1, T ] and, since Ω2i Ωi−1[Ωi,Ωi], we obtain
[Ωi,Ωi+3,Ωi+3]2  [Ωi−1, T ][Ωi,Ωi,Ωi+3,Ωi+3][Ωi,Ωi+3,Ωi,Ωi+3]
 [Ωi−1, T ][Ωi,Ωi+3,Ωi,Ωi+3] [Ωi−1, T ]
[
Ω4i+3,Ωi,Ωi+3
]
.
From this we have
[
Ω4i+3,Ωi
]
 [Ωi+3,Ωi]4
[
Ω4i+3,Ωi,Ωi+3
][Ωi−1, T ].
Therefore [Ω4i+3,Ωi] [Ωi+3,Ωi]4[Ωi−1, T ]. Now, by P. Hall’s formula,
[Ωi+3,Ωi]4 
[
Ωi+3,Ω4i
][Ωi+3,Ωi,Ωi]2γ5(Ωi+3) [Ωi+3,Ωi,Ωi]2[Ωi−1, T ].
Hence we have [G,Ωi,Ωi] [Ω4i+3,Ωi] [G,Ωi,Ωi]2[Ωi−1,G] and we finally obtain
that [G,Ωi,Ωi] [Ωi−1,G].
Now, since Ω2i Ωi−1[Ωi,Ωi], it follows that
[Ωi,G]2  [Ωi−1,G][G,Ωi,Ωi] [Ωi−1,G]. 
Now, we are ready to obtain the final bound on the nilpotency class of Ωi(G) where G
is a powerful 2-group.
Corollary 5.3. Let G be a powerful 2-group. Then the nilpotency class of Ωi(G) is at most
(i + 3)/2.
Proof. Applying Theorem 5.1 for N = Ωi(G), we obtain that γn+2(Ωi(G)) 
[Ωi(G),G]4n . By the previous theorem, the nilpotency class of Ωi(G) is at most
⌊
(i + 3)/2⌋. 
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In this section we will finish our study of the structure of normal subgroups of potent
p-groups. Due to a theorem given by L. Hethelyi and L. Levai together with L. Wilson’s
result we know that powerful p-groups are power abelian when p is odd. Now we will
extend this result to normal subgroups of potent p-groups. First we show that normal
subgroups of potent p-groups are p-powered.
Theorem 6.1. Let G be a potent p-group and N G2 a normal subgroup of G. Then N
is a p-powered group.
Proof. We prove the theorem by induction on |N | and |G|. Let x, y be two elements of N .
Then, if p is odd,
xpyp ≡ (xy)p (mod γ2(N)pγp(N)
)
.
But, by Theorem 4.3, γp(N) [N,G]p , and therefore
xpyp ≡ (xy)p (mod [N,G]p).
If p = 2, let T = {g ∈ G | g2 ∈ N}. It follows from Theorem 4.4 that T 4 N .
Since N  T 2 and [T 2, T ,T ] [T ,T ,T ]2γ4(T ),
[N,N] [N,T 2] [N,T ]2[N,T ,T ] [N,T ]2[T 2, T ,T ] [N,T ]2γ3(T )2γ4(T ).
But, by Theorem 4.3, γ3(T )  [T 4,G]  [N,G] and γ4(T )  [T 4,G]4  [N,G]4,
whence [N,N] [N,G]2 and therefore
x2y2 ≡ (xy)2 (mod [N,G]2).
Now, suppose again that p is arbitrary. Since [N,G] < N , by induction we have that
[N,G] is p-powered. Thus, xpyp = (xy)pcp with c ∈ [N,G]. Take H = 〈xy, [G,G]〉,
which can be a cyclic group or a potent p-group of smaller order than G (see Theorem 2.1).
If it is cyclic we are done. Otherwise, we have that |H | < |G|. Since c ∈ H ∩ N ,
xy ∈ H ∩ N and H ∩ N is normal in H , we can apply the induction. Hence there exists
z ∈ H ∩ N such that (xy)pcp = zp . Thus Np = {np | n ∈ N}. Now, since Np is powerful,
by Theorem 4.3, it follows that Npi = {npi | n ∈ N} and therefore N is p-powered. 
The next lemma is an analogue of Lemma 3 from [5] for potent p-groups.
Lemma 6.2. Let G be a potent p-group and x ∈ Di such that xp ∈ Dip+1. Then there
exists w ∈ Di such that wp = 1 and xDi+1 = wDi+1 .
Proof. The case p = 2 is proved in [5]. We suppose that p > 2. If x ∈ Di+1 then w = 1
and we are done. Otherwise, by Theorem 3.3, there is j  i + 1 such that xp ∈ Dp . Wej
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Since Dj is p-powered, we obtain that xp ∈ Dpj implies the existence of s ∈ Dj such that
sp = xp . Hence we have that
(
xs−1
)p ≡ 1 (mod [Dj,Di ]p[Dj , p−1G]
)
.
Since Dj is potently embedded subgroup of G, [Dj , p−1G]  [Dj ,G]p. From this we
obtain that (xs−1)p ∈ Dpj+1. On the other hand s ∈ Di+1, whence xDi+1 = xs−1Di+1 and
we can apply the induction hypothesis because (xs−1)p ∈ Dpj+1. 
Proposition 6.3. Let G be a potent p-group and N  G2 a normal subgroup of G such
that Ω1(G2)N . Then Np ∩ Dpi = (N ∩ Di)p for every i  1.
Proof. It is obvious that (N ∩Di)p Np ∩Dpi . Let us see that
Np ∩ Dpi  (N ∩ Di)p
by inverse induction on i . Then we assume that Np ∩ Dp(i+1)  (N ∩ Di+1)p . Let
x ∈ Np ∩ Dpi . By Theorem 6.1, we have that N is p-powered, whence there exists y ∈ N
satisfying x = yp. Let j  i − 1 be such that y ∈ Di−j . If j  0 we are done.
If j  1, we work by decreasing induction on j . Let us suppose that if y ∈ N ∩Di−j+1
there exists z ∈ N ∩ Di such that zp = yp.
Since y ∈ Di−j for some j  1 and yp ∈ Dpi , we can apply Lemma 6.2. So, there
exists w ∈ Di−j of order p such that yDi−j+1 = wDi−j+1. Let g ∈ Di−j+1 be such that
y = wg. Since y,w ∈ N , we also have g ∈ N .
Now, suppose first that p > 2. Let L be the normal subgroup of G generated by w
and y . Since yp and wp lie in Dpi , we have that LDpi/Dpi  Ω1(G/Dpi). Hence, by
Theorem 4.4, Lp Dpi . Then we have
yp = (wg)p ≡ gp (mod [L,L]pγp(L)
)
.
From Theorem 4.3 we obtain that yp ≡ gp (mod [Lp,G]). Hence yp ≡ gp (mod Np ∩
D
p
i+1).
If p = 2, we have that y2 = (wg)2 = g2[g,w]g . But [g,w] ∈ N2 ∩ D2i+1 and we also
have y2 ≡ g2 (mod N2 ∩D2i+1).
Then, by the first induction hypothesis, yp = gpcp for some c ∈ N ∩ Di+1. From this
we have that yp = gpcp = yp1 for some y1 ∈ N ∩ Di−j+1. Now we can apply the second
induction hypothesis and we get that there is z ∈ N ∩ Di such that x = zp. Therefore we
have that Np ∩ Dpi = (N ∩Di)p . 
Corollary 6.4. Let G be a potent p-group and N G2 a normal subgroup of G such that
Ω1(G2)N . Then |Ω1(N)| = |N/Np |.
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L(G) = (D1/D2) ⊕ (D2/D3) ⊕ (D3/D4) ⊕ · · · .
We define a structure of Fp[t]-module on L(G) by putting t (xDi+1) = xpDpi+1 if x ∈ Di
and extending this action by linearity.
If M is finitely generated Fp[t]-module, we define dFp[t ](M) to be the minimal number
of Fp[t]-generators of M . Note that if tkM = 0 for some k, then
dFp[t ](M) = logp |M/tM| = logp
∣∣AnnM(t)
∣∣ = dFp[t ]
(
AnnM(t)
)
,
where AnnM(t) = {x ∈ M | tx = 0}.
For any normal subgroup K of G we consider the following submodule
L(K) = (KD2)/D2 ⊕
(
(KD3) ∩ D2
)
/D3 ⊕
(
(KD4) ∩ D3
)
/D4 ⊕ · · · .
Now, we have L(Ω1(G2))  AnnL(G2)(t), because Ω1(G2) has exponent p, and on
the other hand, Lemma 6.2 implies that L(Ω1(G2)) AnnL(G2)(t). Hence we obtain that
L(Ω1(G2)) = AnnL(G2)(t).
Since Ω1(G2)N G2 we have that L(Ω1(G2)) L(N) L(G2). Hence
dFp[t ]
(
L
(
Ω1
(
G2
)))
 dFp[t ]
(
L(N)
)
 dFp[t ]
(
L
(
G2
))
= dFp[t ]
(
AnnL(G2)(t)
) = dFp[t ]
(
L
(
Ω1
(
G2
)))
.
From this we can see that dFp[t ](L(N)) = dFp[t ](L(G2)). On the other hand
tL(N) = L(Np),
because L(Np) tL(N) follows from Proposition 6.3 and the inclusion tL(N) L(Np)
is obvious. Thus we obtain that
∣∣Ω1(N)
∣∣ = ∣∣Ω1
(
G2
)∣∣= ∣∣L(Ω1
(
G2
))∣∣ = ∣∣AnnL(G2)(t)
∣∣ = pdFp [t](L(G2))
= pdFp [t](L(N)) = ∣∣L(N)/tL(N)∣∣ = ∣∣L(N) : L(Np)∣∣= ∣∣N : Np∣∣. 
Theorem 6.5. Let G be a potent p-group and N  G2 a normal subgroup of G. Then
|Ω1(N)| = |N/Np |.
Proof. By Corollaries 4.6 and 4.5 we have that
(
Ω1
(
G2
)
N
)p = Ω1
(
G2
)p
Np = Np.
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∣∣Ω1
(
G2
)∣∣= ∣∣Ω1
(
Ω1
(
G2
)
N
)∣∣= |Ω1(G
2)N |
|(Ω1(G2)N)p | =
|Ω1(G2)N |
|N |
|N |
|Np| .
From here it follows that
|N |
|Np| =
|Ω1(G2)||N |
|Ω1(G2)N | =
∣∣Ω1
(
G2
)∩N∣∣ = ∣∣Ω1(N)
∣∣. 
Theorem 6.6. Let G be a potent p-group and N G2 a normal subgroup of G. Then N
is power abelian.
Proof. We have already proven that Npi = {npi | n ∈ N} (Theorem 6.1), Ωi(N) = {n ∈
N | npi = 1} (Corollary 4.5), and |Np| = |N : Ω1(N)| (Theorem 6.5). So we just need to
see that for any i  1 |Npi | = |N : Ωi(N)|. We work by induction on i . Then
∣∣Npi+1 ∣∣= ∣∣(Np)pi ∣∣= ∣∣Np : Ωi
(
Np
)∣∣.
But Ωi(Np) = Ωi(N) ∩ Np , and we also have that
Np/
(
Ωi(N) ∩ Np
) ∼= NpΩi(N)/Ωi(N) =
(
N/Ωi(N)
)p
.
Hence |Npi+1 | = |(N/Ωi(N))p |. By applying the case i = 1 to the potent p-group
G/Ωi(N) and its normal subgroup N/Ωi(N), we get that
∣∣(N/Ωi(N)
)p∣∣ = ∣∣N/Ωi(N) : Ω1
(
N/Ωi(N)
)∣∣
= ∣∣N/Ωi(N) : Ωi+1(N)/Ωi(N)
∣∣= ∣∣N : Ωi+1(N)
∣∣,
which concludes the proof. 
7. Counterexamples
We will finish this paper by giving some counterexamples that show us that some
properties must be different for p = 2. The first example is a powerful 2-group that satisfies
that exp(Ωi(G)) = 2i+1 and has a normal subgroup that is not 2-powered. The second one
is a powerful 2-group that has a normal subgroup such that [N2,N2]  [N,N]4.
Example. Let us consider the semidirect product
G = 〈a〉[〈b〉 × 〈c〉]∼= C2i [C2i × C2i+2],
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have that o(a)= o(b)= 2i but, since [b, a] commutes with both a and b,
(ab)2
i = a2i b2i [b, a](2
i
2 ) = c22(2
i
2 ) = c222i−1(2i−1) = c2i+1 = 1.
So we have two elements of order 2i whose product is of order 2i+1, in particular
exp(Ωi(G)) = 2i+1.
Now, if we define N = 〈a, b, c4〉 then N is not a 2-powered.
Example. Let us consider the semidirect product
G = 〈a〉[〈b〉 × 〈c〉 × 〈d〉] ∼= C2i+2[C2i × C2i+2 × C2i+4 ],
where ba = bc4, ca = cd4 and a acts trivially on d . It is quite easy to see that G is
powerful. Put N = 〈a, b, c4, d4〉. Then N is a normal subgroup of G and satisfies that
[N2,N2]  [N,N]4.
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